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Introduction
Chaotic b e haviour i n d e t erministic d y n a m i c a l s y s t ems i s a n i n t rinsicly n o n -l i n e a r p h enomenon. A c h a racteristic f eature of c h a o t i c s y s tems i s a n e x t reme s ensitivity t o c h a n g e s i n i n i
t i a l c o nd i t i o n s w h i l e t h e d y n a m i c s, at l east f o r s o -c a l l e d d i ssipative s y s t ems, is s t i l l c o n s t r a i n e d t o a n i t e r e g i o n o f s t a te space c a l l e d a s t range a t t ractor. T i m e t races o f t h e s tate v a r i a b l es of s u c h systems d i s p l a y a s eemingly s t ochastic behaviour.
The s y s t ematic s t u d y o f c h a o s i s o f r e cent d a t e, originating i n t h e 1 9 6 0 s . O n e i m portant reason f o r t h i s i s t h a t l i n e a r t e c h n i q u es, s o l o n g d o m i n a n t w i t h i n a p p l i e d m a t h ematics a n d t h e n a t u ral s ciences, a re inadequate w h en considering c haotic p h enomena. F u r t h ermore, computers are a n e cessary tool f o r s t u d y i n g s u c h s y s t ems. As a r e sult, t h e a m a z i n g l y i r r egular behaviour of s o m e n o n -l i n e a r d eterministic s y s t ems w a s n o t a p p r eciated a n d w h en such a b e h a v i o u r w a s m a n i f e st in o b servations,
i t w a s t y p i c a l l y e x p l a i n e d a s s t ochastic. A l t h o u g h t h e l a s t i n g r o l e o f c h a o s i n t h e n a t u r a l s c i e n ces a n d o t h er disciplines cannot b e a s sessed a t p r esent, i t s eems c l ear that t h e t e c hniques being d eveloped w i t hin t h i s r a p i d l y e v o l v i ng eld o e r a d d i t i o n a l m e t h ods
for a n a l y sis a n d m odelling o f d y n a m i c a l s y stems w h i c h d eserve a p l a c e a l o n g s i d e m o r e t raditional techniques. In t h i s c o n n ection i t i s w o rthwhile t o n o t e t hat m a n y t y pes of n o n -l i n ear e q u a t i o n s m a y g i v e r i se to chaotic b e haviour. Thus i f o n e i s i n t erested in n o n -l i n e a r s y s t ems b u t n o t c h a o s p er se, t h e m odel o r s y stem u n d e r s t udy m a y s t i l l b e c h a o t i c i n p a rts o f t h e p a r a m eter s p a ce. To d i a g n o se and u n d e rstand o r p r e v ent s u c h s i t u a t i o n s , k n o w l edge o f c h a o s i s n e cessary.
Two s e p a r a t e, but i n t e racting l i n e s o f d e v elopment c h a racterize chaos t h eory. A t h eoretical line f ocuses o n s y s t ems o f o r d i n a r y n o n -l i n e a r d i e r ence a n d d i erential e q u a t i o n s t h a t m a y s h o w D e p a r t m e n t o f I n f o r m a t i c s , U n i v e r s i t y o f O s l o , P b . 1 0 8 0 B l i n d e r n , N -0 3 1 6 O s l o , N o r w a y y S I NTEF-SI, P b . 1 2 4 , B l i n d e r n , N -0 3 1 4 O s l o , N o r w a y chaotic behavior. S t e p h en Smale i n i t i a t e d t h e m odern w o rk here i n 1 9 6 3 b y c o n s t ructing a s i m p l e m a p p i n g e m bodying t h e s a l i ent f eatues o f c h a o t i c s y stems S m a l e , 1 9 6 3 , S m a l e, 1967 . T h i s i s l a r g e l y a m a t h ematical d i s cipline i n v o l v i n g c o n cepts s u c h a s b i f u r cations a n d s t a b l e a n d u n stable manifolds G u c k e n heimer and H o l m es, 1 9 8 3 , W i g g i n s , 1 9 9 0 , A r r o w s m i t h a n d P l a ce, 1 9 9 0 . A m o r e a p p l i ed direction s tems f r o m t h e m e t eorologist E d w a rd Lorenz, w h o , a l s o i n 1 9 6 3 , o b served extreme s ensitivity t o c h a n g e s t o i n i t i a l c o n d i t i o n s o f a s i m p l e n o n -l i n e a r m odel simulating atmospheric c o n v ection L o r e nz, 1 9 6 3 . T h i s m o r e e x perimental a p p roach, w h i c h i s t h e t o pic o f o u r r eview, r e l i es heavily o n t h e c o m putational s t u d y o f c h a o t i c s y stems a n d i n c l u d e s m e t h ods for i n v estigating p o tential c h a o t i c b e h a v i o u r i n o b s ervational t i m e s e r i e s M a y e r - K ress, 1986 Tsonis, 1 9 9 2 , S c h u s ter, 1 9 8 9 a n d G r a s s berger, 1 9 9 1 .
C h a o s h a s been i d enti ed in s i m p l e e x periments s u c h a s a w a t e r d r i p p i n g f a u c et Crutch eld et a l . , 1 9 8 6 , s i m p l e e l e ctric c i r cuits B r i g g s, 1987 , a n d i n s i t u a tions i n v o l v i n g n ear turbulent o w s u c h a s t h e C o u e t te-Taylor e x periment Brandstater and S w i n n ey, 1 9 8 7 . O u t side the laboratory, chaotic behaviour has been claimed in climatic time series, Nicolis a n d N i colis, 1 9 8 4 , Essex et a l . , 1 9 8 7 , G h i l e t a l . , 1 9 9 1 , a s t r o p h y s i c s H a r d i n g e t a l . , 1 9 9 0 , h y d rodynamics Haucke a n d E c k e, 1987 , e c o n o m i cs Brock et a l . , 1 9 9 1 , m e d i c i n e B a b l o y a n t z a n d D estexhe, 1986 a n d s everal o t h e r e l d s . C l e a r l y o n e i s s t i l l i n a n e xp l o r a t o r y p h a se where chaos i s a h o t t o p i c a n d s u c h b e h a v i o u r i s s o u g h t i n m a n y d i v erse a reas. It i s g e n erally t oo early t o j u d g e t h e n a l c o n t ribution o f c h a o s t h eory in m a n y o f t h ese elds.
The t h e o r y o f f r a c t a l s h a s e v o l v e d i n p a r a l l e l w i t h c h a o s t h e o r y a n d t h e s e t w o elds h a v e a n i m portant l i n k a g e. Fractals, b r o u g h t t o t h e f o r e f r o n t b y B enoit M a n d e l b r o t M a n d elbrot, 1 9 7 4 , a r e o bjects t h a t a r e s e l f s i m i l a r o n d i e rent s c a l e s. They have become p o p u l a r p a rtly d u e t o t h e computer generated pictures that h a v e b e en produced, b u t f ractal m a t h e m a t i cal o bjects s u c h a s C a n t o r a n d J u l i a s e t s h a v e b e en known f o r a l o n g t i m e . I n c h a o s t h eory, t h e s o -c a l l e d s t r a nge attractors are o bjects with f ractal p r o perties. T h ese a r e t h e g e o m e t r i c a l s t u c t u res t r a ced o ut in state s p a ce by t h e t r ajectories o f c h a o tic s y s t ems.
As n o t e d a bove, t i m e s e r i e s d e r i v e d f r o m d eterministic c h a o tic s y s t ems a p pear t o b e s tochastic, b u t s t a n d a r d l i n e a r m odelling a n d p r ediction t e c h n i q u es, s u c h a s a u t o r egressive m o v i n g a v e r a g e A R M A m odels, a r e n o t s u i t a b l e f o r t h e se systems. For i n s t a n c e, a simple s c a l a r , n o n -l i n ear s y s t em known a s t h e l o g i s t i c m a p g i v e s r i se to t i m e s e r i e s w i t h t h e s a m e a u t ocorrelation f u n ction a s w h i t e n o i s e. It i s t h erefore n a t u r a l t o a sk what i s t he di erence between a c h a o t i c s y stem a n d a s tochastic o n e . W e w i l l n o t d i s c u ss this r a t h er deep question i n a n y d etail c.f. L i c h t e n berg a n d L i e bermann, 1 9 9 2 , b u t t a k e a p r a g m a t i c a p p r o a c h a n d c h a r a cterise the systems t h a t l e n d t h e m s elves to analysis b y t h e t e c h n i q u e s p r esented b e l o w a s p redominantly c h a o t i c . M o r e t echnically, t h i s i m p l i e s l o w d i m e n s i o n a l s y s tems w i t h p o sitive L y a p u n o v exponents.
The r elatively n ew methodology d escribed i n t h i s a n d t h e a c companying p a per i s b a sed o n concepts f r o m m a t h e m a t i cal t o pology a n d d y n a m i c a l s y s t ems t h eory, a s w e l l a s i n f o r m a t i o n a n d n u m e rical a p p roximation t heory. K nowledge r elated to the e l d s f rom w h i c h d a t a o r i g i n a t e i s n o t i n v o l v ed in t h i s a n a l y s i s , b u t t h i s i s c l early n ecessary w h e n i n t e rpreting t h e r esults.
The s t u d y o f p o t e n t i a l l y c h a o t i c s y s t ems m a y b e d i v i d ed into t h ree a r e a s: identi cation o f c haotic b e h a v i o ur, modelling and p r e d i c t i o n , a n d c o ntrol see F i g 1 . T h e r s t a r e a , c o v e r ed partially i n t h i s p a per, i s i m portant because it s hows h o w c h a o tic s y s tems m a y b e s e p a r a t ed from s t ochastic o n e s a n d , a t t h e s a m e t i m e , p r o v i d e s e s t i m a t es of t h e d egrees of f reedom a n d t h e complexity o f t h e u n d erlying c h a o t i c s y s t em. B a sed o n s u c h r e s ults, identi cation o f a s t a t e s p a c e representation a l l o w i n g f o r s u b s e q u ent p r e d i c t i o n s m a y b e c a r r i e d o u t . T h e se topics are r eviewed in t h e a ccompanying p a per. T h e l a s t s t a g e, if d e sirable, i n v o l v es control o f a c haotic s y stem. I n t his a r e a , o n e m a y a ctually u se the c h a o t i c b e h a v i o u r t o a d v a n t a g e , o b t a i n i n g a l a r g e d e s i r ed e ect at t h e e x pense o f a s m a l l c o n t r o l s i g n a l S h i n b r o t e t a l . , 1 9 9 3 , D i t t o a n d P e r oca, 1 9 9 3 . One m a y e v e n s peculate t h a t n o n -l i n e a r i t i es, m a k i n g a s y stem c h a o t i c , c o u l d b e i n troduced for control p u r poses to t a k e a d v a n t a g e o f s u c h a behaviour. T h i s i s a r a t h e r n ew research a r e a , strongly i n v o l v i n g t h e m a t h e m a t i cal a n d t h eoretical a spects o f c h a o s t h e o r y , a n d i s n o t c o v e r ed by o u r r eview A b a r b a n e l , 1 9 9 3 . F o l l o w i n g t h i s i n t r oduction, s o m e b a s i c f e a t u r es of c h a o t i c s y stems a r e s u m m a r i sed i n S ection Figure 1 : A s k e tch o f l i n k s between areas o f c h a o t i c s y stem a n a l y s i s a n d s y n thesis.
2; i n S e ction 3 , t h e p r o b l em of r e constructing s t a t e v a r i a bles from t i m e s eries is d i scussed. I n t h e l a s t t w o s e ctions, t w o b a s i c c h a racteristics of c h a o t i c d y n a m i cs are t r eated, n a m ely t h e d i m e n s i o n o f a s t r a n g e a t t r a c t o r a n d t h e L y a p u n o v e x ponents. These t w o i n v a r i a n t p r o perties h a v e b e en widely u s ed as i n v estigative t ools f o r d e t ecting c h a o s i n t i m e s e r i e s. However, d epending o n t h e p r o b l e m a t h a n d , c h a o s m a y b e i d enti ed even with simple t r a d i tional t ools, such a s t i m e h i s t o r i e s , s c a t t er plots a nd power s pectra d i a g r a m s , o r o t h er more s o p h i sticated m ethods d erived from d y n a m i c a l s y s t em's t h e o r y , s u c h a s P o i n c a r m a p s a n d b i f u r c a t i o n d i a g r a m s . W e w i l l n o t d i s c u ss these methods f u rther because t h e y a r e l e ss applicable and h a v e n o t b e en used m u c h i n t h e a n a l y sis o f c h a o t i c t i m e s e ries. W e a d d r ess t h e r eader t o M oon, 1 9 9 2 , G l a s s a n d M a c k e y , 1 9 8 8 G u c k e n heimer, 1 9 8 2 a n d D e n t o n a nd Diamond, 1 9 9 1 f o r c o m p r e h ensive p r esentations.
Background
Here w e g i v e a s h o r t d escription o f c h a o t i c s y s t ems a ssuming t h a t t h e s tate e q u a t i o n s a r e k n o w n . S u c h s y stems e x hibit u n p r edictable b e h a v i o r i n t h e s ense t h a t f o r g i v e n i n i t i a l c o n d i t i o n s w i t h n i t e p r ecision, t h e l o n g t erm behaviour c a nnot b e p r edicted, e x c ept t o s a y t h a t t h e s t a t es are constrained t o a c e r tain n i te region o f s t a t e s p a c e . I n i t i a Assume t h a t t h e d y n a m i cal e q u a t i o n s a r e g i v en for c o n t i n u o u s t i m e a s s t = f s t a n d f o r d i s c rete t i m e a s s k +1 = fs k , where s is t h e s t a t e v ector o f d i m e n sion n, f is t he system function, 1 and t and k are t h e c o n t i n u o u s a n d d i s crete t i m e v a r i a b l e s, respectively. T h ese s y s t ems are a u tonomous and completely d eterministic.
Chaotic s y s t ems m a y h a v e a v ery s i m p l e f o r m a s f o r e x a m p l e t h e l o g i s tic m a p s k +1 = as k 1, s k . F o r 1 a 4 , t h e s t a t e v a riable i s r e stricted t o t h e i n terval 0 , 1 f o r i n i t i a l c o n ditions in t h e same i n t e rval. I n c reasing t h e v a l u e o f a f r o m 1 t o 4 c h a n g e s t h e a s y m p t o t i c s t a t e f r o m a x ed point t h r o u g h s table p e r i odic o r b i ts with i n creasing periodicity, t o c h a o t i c behaviour a t a 3 : 5 7 H a l e a n d K ocak, 1 9 9 1 . T h e l o g i stic m a p h a s been u s ed to m odel populations i n b i o l o g y M a y , 1 9 7 6 a n d s u p p l y a n d d emand i n e conomics Jensen and U r b a n , 1 9 8 4 . A r e a l i z a t i o n o f t h e l o g i s t i c m a p f o r a = 4 i s g i v en in F i g 2 w h ere s u c cessive p o i n t s i n t i m e h a v e b e e n c o n n e cted b y straight l i n e s. The a u tocorrelation f u n c t i o n f o r t h i s s equence is g i v en in F i g 3 . I t i s e ssentially non-zero o n l y a t t h e o r i g i n , a n d a n a t u ral c o n clusion w o u l d h a v e been t hat w e h a v e w h i t e n o i s e. The l o g i s t i c m a p i n t h e c h a o t i c d o m a i n w a s u s ed as a r a n d o m n u m ber generator i n e a r l y computers U l a m a n d V o n N e u m a n n , 1 9 4 7 . A s t range a t t r a c t o r i s t h e g eometrical s t r u c ture f o r m e d b y t he asymptotic s t a t es of a c h a o t i c system. O n t h i s a t tractor, t h e d y n a m i cs are characterized b y s t r e t c hing and folding; t h e f o r m er phenomenon c a u s es the d i v ergence of n e a r b y t r ajectories a n d t h e l a t t e r c o n s t rains t he dynamics to a n i t e r egion i n a s u b s p a c e o f d i m e n sion n. T h i s s u b space is t h e s m a l l e s t s p a c e e m b e d ding the attractor. I n c o n t r a s t t o n o n -c h a o t i c s y s t ems h a v i n g a ttractors o f i n t e g e r d i m ensions e . g . points a n d l i m i t c y c l e s, c h a o t i c s y s t ems h a v e s trange a t t ractors c h a r a cterized by a n o n -i n t e g er dimension d. V a r i o u s d e n i t i o n s o f n o n -i n t e g e r d i m ensions a re given i n S ection 4 . T h i s d i m e n s i o n i s a p r o perty o f t h e a t t ractor, i n d e pendent o f a n y p a r t i c u l a r t r ajectory. S u c h p roperties a re called invariants of t h e s y stem. A s a n e x a m p l e, consider t h e f a m o us Lorenz system: L o r enz, 1 9 6 3 2 where 0 i s a d e l a y p a r a m e t er. T h i s e q u a t i o n i s a m odel f o r g e n eration o f b l ood cells i n p a t i e n t s w i th leukemia M a c k e y a n d G l a ss, 1 9 7 7 . D elay d i e rential e q u a t i o n s a s w e l l a s p a r t i a l d i erential e q u a t i o n s a r e i n n i t e d i m ensional, i . e . a n i n n i te set o f n u m bers i s r e q u i r e d t o specify the initial c o n d i t i o n s. For i n i tial v a l u e s o f s i n t h e t i m e i n t erval 0 ; , t h e s y s tem a p p r o a c h e s a s t a b l e e q u i l i b r i u m p o i n t f o r 4 : 5 3 , a l i m i t c y c l e f o r 2 4 : 5 3 ; 1 3 : 3 , a n d a f ter a s e r i e s o f period doublings f o r 2 1 3 : 3 ; 1 6 : 8 t h e s y stem becomes c h a o t i c . T he strange a t t r a ctor has f r a ctal d i m ension 1 . 9 5 , 2 . 4 4 , 3 . 1 5 a n d 7 . 5 f o r e q u a l t o 1 7 , 2 3 , 3 0 , a n d 1 0 0 , r e s pectively Farmer, 1 9 8 2 . N o te that d i s s i p a t i v e p a r t i a l d i erential e q u a t i o n s m a y a l s o h a v e a t t r a c t o r s o f n i t e d i m e n s i o n T e m a m , 1 9 8 8 .
A n o t h e r i n v a r i a n t c h a r a c t erizing c h a o t i c a t t r a c t o r s i s t he set of L y a p u n o v e x ponents w h i c h m e a sures t h e a v erage l o cal r a t es of e x p a n s i o n a n d c o n t raction see F i g 5 . T h e L y a p u n o v Figure 5 : T h e e x p a n s i o n a n d c o n t r a c t i o n o f t h e L o r e n z s y s t em as c h a r a cterized by L y a p u n o v exponents o n a s p h ere c entered o n t h e t r ajectory s h o w n . H ere, t he Lyapunov e x ponents are: 1 = 1 : 5 , 2 = 0 a n d 3 = , 2 2 : 5 . exponents a re related to t h e e i g e n v a l u e s o f t h e l i n e a r i z e d d y n a m i c s a cross t h e a t t ractor. N e g a t i v e v a l u es show s t a b l e behaviour w hile p o s i tive v a l u e s s h o w l ocal u n s t a b l e b e h a v i o u r . F o r c h a o t i c systems, being b o t h s t a ble a n d u nstable, the Lyapunov e x ponents i n dicate t he complexity o f t h e d y n a m i cs. T h e l a r g est p o sitive v a l u e d e termines the u p per p r e d i c t i o n l i m i t . H i g h d i m ensional chaotic s y s tems t end t o h a v e v e ry large p o s i t i v e e x ponents a n d p r edictions m a y b e o f l i t t l e u se. We w i l l f ocus o n l o w d i m ensional s y s tems d e ned s o m e w h a t a r b i t r a r i l y a s h a v i ng an a t t r a ctor dimension 10.
Reconstruction of state space We a s s u m e d i s crete scalar o b s e rvations o f t h e c h a o t i c s y s t e m i n t h e s equel, w h i c h i s t h e c a s e covered b y t h e p r e sent t h e o r y . L e t u s d enote t h e t i m e s
e r i e s b y f x k s g=fx k g, w h ere k = 0; : ::; Na n d s i s e i t her t h e s a m p l i n g i n t erval f o r c o n t i n u o u s s y stems o r t h e d i screte t i m e i n t e rval. The t i m e s e r i e s i s r elated to t h e s tate vector o f t h e u nderlying d y n a m i c a l s y stem by x k = hsk s , where h is t h e m easurement f u n ction. U n l i k e t h e m easurements a n d t h e sampling t i m e , t he system function f, t h e a t t racor d i m ension d, a n d t he measurement f u n c t i o n h a r e u n k n o w n . S i n ce the d y n a m i cs are u n k n o w n , w e c a n not r econstruct t h e o riginal a ttractor t h a t g a v e r i s e t o t h e o bserved time s e r i e s. Instead, w e s eek a n e m bedding space where we c a n r e construct an a t tractor f r o m t h e s c a l a r d a ta that p r eserves t h e i n v a r i a n t c h a r a c t eristics o f t h e o riginal unknown a t tractor. T h e e m bedding d i m e n sion m of t h e r e constructed s t a t e s p a ce will i n g eneral be di erent f r o m t h e u n k n o w n d i m e n s i o n d + 1 , w h ere d d e n o t e s t h e i n t eger part o f d t h e a t t ractor's d i m ension. The s i m p l e s t m ethod of d eriving a s t a t e v ector x k is t h a t o f delay coordinates proposed by P a c k a r d e t a l . , 1 9 8 0 :
x k = x k ; x k , ; :: :; x k , m , 1 T 3 k=m , 1 ; m ; : : :::;N. H ere is a n i n t eger multiple o f s c a
l l e d t h e t i me delay. T h e i n troduction of allows f o r t h e p o s sibility o f s k i p p i n g s a m p l e s d u ring t h e r econstruction. A ccording t o t h i s m e thod, the r e construction o f t h e s t a t e v e ctor s i m p l y c o n sists of d etermining t h e e m bedding dimension m and t h e t i m e d elay . O t h er methods a re also possible, for e x a m p l e a s s i g n i n g s t a t e v a r i a b l e s t o s u ccessively h i g h e r o rder d erivatives of xt f o r c o n t i n u o u s s y s t ems. However, t h i s m e thod i s i m p ractical d u e t o n o i se ampli cation. The a bove a p p roach t o r econstructing t h e a t t r a c t o r i s b a s e d o n T aken's t h e o r e m w h i c h g u a ra n t ees t h a t f o r a n i n nite n o i s e f r e e d a t a s e ries one c a n a l m o s t a l w a y s n d a n e m bedding dimension m preserving t h e i n v a riant m easures T a k e n s, 1981 , M a , 1981 . T a k ens p r o v ed that u n d e r t h e s e c o n d i t i o n s i t i s s u cient t h a t m 2 d + 1 3 . U n d e r t h e i d e a l i zed c o n d i t i o n s o f t h e t h e o r em
, t h e a ctual v a l ues o f s a n d a r e i rrelevant; i n p r a c tice, h o w e v e r, this i s n o t t h e case. T h e t h e o r em guarantees t h a t t h e a t t ractor e m bedded in t h e m -d i m ensional s t a t e s pace is unfolded w i t h o u t a n y s elf i n t e rsections. The c o n d i t i o n m 2 d + 1 i s s u c i e n t b u t n o t n e cessary, a n d a n a t t ractor m a y b e r e constructed successfully, a l s o i n p r a c t i c e, with an e m bedding dimension a s l o w a s d + 1 . A s a n e x a m p l e l e t u s c o n sider the H n o n m a p : s 1 k + 1 = s 2 k + 1 , 1 : 4 s 1 k 2 s 2 k + 1 = 0 : 3 s 1 k 4 T h i s s y s tem i s c h a o t i c a n d h a s a n a t t r a ctor o f f ractal d i m e n sion 1 . 2 6 s h o w n i n F i g 6 a . I n F i g 6 b , w e r econstructed the a t t ractor f r o m s i n g l e m easurements o f x = s 1 u s i n g e m bedding dimension 2 a n d x k , x k + 2 a s s t a t e s p a c e c oordinates. O n e n o tices some s e l f i n t e rsections of t h e r econstructed attractor o f F i g 6 b t h a t d i s a p pear w i t h m = 3 a s s hown i n F i g 6c. According t o T a k en's t h e o r em m = 4 w o u l d b e s u c i e n t t o g u a rantee reconstruction. I f w e c h oose coordinates xk, xk + 1 , t h e a t t ractor i s s u c c essfully r econstructed even w i t h m = 2 . H o w e v er, f o r a n o t h er choice o f c oordinates one m a y n eed t o g o a s h i g h a s m = 4 .
I n r e a l i t y , w i th a nite n u m ber o f n o i sy data, t h e e s t i m a t es of t he invariant m e a s u res d and the Lyapunov e x ponents a re found to d e pend o n b o t h m a n d . T h u s t h e c entral t a sk of d elay reconstruction i s t o c h oose these v a l u es properly. V a r i o u s m ethods h a v e b e en suggested b u t d ecisions are still o f ten s u bjective i n t he end a n d r elated t o t h e p r o b l em at h a n d .
Figure 6 : R e construction o f t h e H n o n a t t r a c t o r . T h e o riginal a t tractor i n a ; t h e r econstructed attractor f rom m easurements of s 1 with = 2 a n d m = 2 i n b a n d w i t h = 2 a n d m = 3 i n c.
Choosing the Embedding Dimension
One a p p r o a c h t o t h i s p r o b l em is the singular system a p proach Broomhead a n d K i n g , 1 9 8 6 , 4 w i d ely u sed i n m a n y a r eas o f a p p l i e d n u m e r i c a l l i n e a r a l g e b r a . T h e m ethod assumes a n i n i tial r econstruction o f t he state s p a ce with a n a r b i t r a r i l y l a r g e d i m ension m, e v en larger than that s u g g ested by T a k en's t h e o r em. F rom t h e s e q u ence o f s t a t e v ectors x k one f o r m s t h e m m m a t r i x V = X T X w h e re the r o w s o f X a re the s t a t e row v e c tors x m,1 , x m etc. or some s c a l ed version o f t h e se vectors. T h e e i g envalues o f V a re computed, t y p i c a l l y u s i n g t h e w ell k n o w n s i n g u l a r v a l u e d ecomposition m ethod present i n m a n y s u b r o u t i n e l i b r a r i e s . T h e eigenvectors o f V c o r responding t o t h e l a r g e st eigenvalues, a r e t h e d i rections i n t h e r econstructed state s p a c e s h o w i n g t h e l a r g est v a r i a t i o n s i n t he data. T h i s a n a l y sis c a n a l so be carried o u t l ocally f o r a n e i g h borhood of a g i v e n d a ta point i n s t a t e s p a c e i n s t ead o f t h e w h o l e e n semble Broomhead et a l . , 1 9 8 7 .
A s s uming t h a t t h e d o m i n a n t v a riation i n t h e d a t a i s d u e t o t h e c h a o t i c d y n a m i c s, the u s er will s e l e c t m e q u a l t o t h e n u m ber o f l a r g e e i g e n v a l u es of V . T h e m ethod has t h e a d v a n t a g e o f reducing t h e e e cts o f n o i s e, especially w h i t e n o i s e. However, t h e u s e r h a s t o d ecide s ubjectively the number o f e i g e n v a l u e s t o r etain a nd this m a y n o t b e o b v i o u s i n p r a c t i c e. Furthermore, t h e relative m a g n i t u d e o f t h e e i g envalues w i l l d e pend o n w h i c h v a r i a n t o f t h e V m a t rix o n e f a ctors. Other d r a w b a c k s o f t h e m ethod are t h a t t h e r e sultant r e c o n struction i s n o t a l w a y s o p t i m a l a n d t hat i t f a i l s t o d i s t i n g u i sh a chaotic s i g nal f rom n o i s e w i t h n early t h e s a m e F o u r i e r spectrum Fraser, 1989 .
Another
m e t h od for e stimating m is t o s t u d y t h e g e o m e t r i c a l s t r u c ture o f t h e a t t r a ctor w h i l e embedded i n s u ccessively h i g h er dimensions. I f m i s t oo low, t h e a t t r a ctor d i s p l a y s s elf i n t e rsections; s p a t i a l l y n e a r b y p o i n t s o n t h e a ttractor b u t n o t n ecessarily t emporally c l o se a r e e i t h er real n e i g h bours due t o t h e s y s t em dynamics o r f a l s e n eighbours d u e t o t h e s e l f i n t ersections. I n a h i g h er dimension, w h e r e t h e s elf i n t ersections a r e r esolved, the f a l s e n eighbours a r e r e v e a l ed as they become m o r e r e m o t e . O n e t ries to n d a t h r eshold v a l u e f o r m w h e re no f a l se neighbours are i d enti ed as o n e m o v es to i n c r eased d i m e n sions. T w o i n d ependent w o rkers h a v e p u t t h i s a p p r o a c h i n t o a l g o r i t h m i c f o r m , L i ebert et a l .
, 1 9 9 1 a n d K ennel et a l . , 1 9 9 2 . T h e l a t t er work explicitly c o n s i d e r ed noisy data a n d c a m e w i th the e x pected conclusion t h a t n o i se increases the estimated embedding d i m ension. Another r e l a t e d g eometrical a p p r o a c h h a s a l s o r e c ently b e en proposed b u t i nstead o f w o r k i n g w i th points o n t h e a t t r a c t o r , t h e t a n g ent o f t h e t r ajectory i s i nt roduced Kaplan a n d G l a ss, 1 9 9 2 . I n p a r t 2 , w h ere i d enti cation a n d p rediction a r e d i s cussed, embedding d i m ensions are estimated a s p a r t o f s o m e m ethods.
Choosing the Time Delay Coordinates
For t oo small , t he coordinates o f x k i n t h e r e c o n structed s t a t e s p a c e a r e f a i r l y s i m i l a r a n d t h e a t t ractor i s s tretched a l o n g a d i a g o n a l a n d e a s i l y o b s c ured b y n o i s e . A c h o i c e o f t h a t k eeps t h e coordinates more time i n d e pendent i s d esirable. On t h e o ther h a n d , t oo large v a l u e s c a u s e l o s s o f i n f o r m a t i o n c o n t a i n ed in t h e d a t a a n d t w o t e m porally c l o s e v ectors become r a t h er remote, giving r i se to u n c ertainties.
A c o m m o n c h o i c e f o r i s t h e t i m e a t w h i c h t h e a u t ocorrelation f u n ction h a s i t s r st zero, which m a k e s t h e coordinates linearly u n c orrelated. O ther v a l u es of t h e a u t ocorrelation f u n c t i o n h a v e b e en also used ad h o c t o d e r i v e t i m e d e l a y s T sonis, 1992 . A more s o p h i s t i c a t ed choice for has been s u g g ested by F r a s er and S w i n n ey Fraser and S w i n n ey, 1 9 8 6 g i v i n g a c r i t e r i o n o f m o r e g e n eral i ndependence measured as t h e i n f o r m a t i o n i n b i t s g a i n ed about xt + g i v en the measurement o f x t . O n t h e a v e rage, this i s t h e m u tual information I a n d i ts rst minimum is s u g g ested as a g ood estimate f o r . S t i l l t h ere i s n o g u a r a n t e e t h a t t h e m u t u a l i n f o rmation h a s a c l e a r cut m i n i m u m , g i v e n t h e t i m e r e s o l u t i o n s .
Dimensions of a strange attractor
There h a s b e e n a s t r o n g i n t erest i n r e search o n d i m e n s i o n s o f c h a o tic a t tractors w hich h a s b e en paralleled by s i m i l a r w o rk on f r a c tals. E v en before 1 9 8 0 , m a n y d i erent t heoretical d e n i t i o n s o f d i m e n sion h a d b e en proposed, a l l b a s ed on s c a l i n g l a w s . I n t h e beginning o f t h e 1 9 8 0 ' s , t ractable a l g o r i t h m s w e re derived and t h e y w e re applied in w i d e l y d i erent elds. T h e r e sults seemed to s u p port c h a o tic b e haviour i n m a n y c a s e s a s l o w d i m ensional e s t i m a t es were f o u n d . T oday, t h e se algorithms a r e k n o w n t o h a v e l i m i t a t i o n s a n d d rawbacks, and c a u t i o n s e ems w a rranted. F o r a c o m p r e h ensive r e v i e w o f t he topic, w e r e f e r t o a r ticles by E c k m a n n a n d R u e l l e E c k m a n n a n d R u e l l e, 1985 a n d T h eiler T h e i l er, 1 9 9 0 a .
Measures of Dimension
The r st de nition o f a n o n i n t e g er dimension w a s g i v en in U s i n g t h i s d e n i t i o n , t h e d i m e nsions o f a p o i n t , a l i n e , a n d a n a r ea in t w o d i m e n sional s p a c e a r e t h e u sual v a l u es 0, 1 , a n d 2 , r e spectively. T o s e e t h i s , t a k e a s q u a r e o f s i d e l a n d n o t e t h a t t he number needed t o c o v er a point i s p r o portional t o 1 =l 0 , t o c o v er the l i n e M l l , 1 , a n d t o cover a surface Ml l ,2 .
The d e n i t i o n h a s a n u m ber o f p r a c t i c a l l i m i t a t i o n s G reenside et a l . , 1 9 8 2 ; h o w ever, t h e r e i s a n e c i e n t a l g o r i t h m f o r t h e e s t i m a t i o n o f D i n L i ebovitch a n d T o t h, 1989 .
In t h e d e nition o f t h e f r a c t a l d i m e n s i o n , o n l y t h e g eometrical s tructure o f t h e a t t ractor i s t a k e n i n t o a c c o u n t w i t h o u t c o n s i d e ring t h e d i stribution o f p o i n t s o n t h e a t t r a c t o r ; a l l c u bes c o u n t t he same e v e n t h o u g h t h e f r equencies w i t h w h i c h t h e y a r e v i s i t e d m a y b e v ery d i erent. This i s t a k e n i n t o a ccount b y t h e s o -called information dimension Young, 1 9 8 2 F a r m er et a l . , 1 9 8 3 w h i c h i s d erived from t h e m i n i m u m i n f o r m a tion n e e ded t o s pecify a p o i n t i n a s e t , s u c h a s a h y percube, t o a n a c curacy l. T h i s i n f o r m a tion i s m e a sured a s
Here p i is t he probability o f a p o i n t b e i n g i n t h e i t h s e t d e n ed as p i = i =N where N ! 1 a n d i i s t h e n u m ber o f p o i n t s i n t h e i t h s e t . T he information d i m ension of t h e a t t ractor i s t hen g i v e n b y = l i m
T h e m o s t p o p u l a r m e a s u re of a n a t t r a ctor's d i m ension i s t h e correlation dimension, r st de ned b y G r a s s berger a n d P r ocaccia G r a s sberger and P r ocaccia, 1 9 8 3 a . I t c a where T h e g eneral r u l e D h o l d s f o r t h e t h r e e d i erent m e a s u res w i th equality w h e n t h e points are distributed uniformally over the attractor Hentschel and P r ocaccia, 1 9 8 3 , G rassberger a n d P rocaccia, 1 9 8 3 b . A f o u rth d i m ension i s r e l a t e d t o t h e L y a p u n o v e x ponents see below. H o w e v e r, all m easures a r e g enerally s i m i l a r , a n d w e w i l l u s e t h e s y m bol d to d e n o t e a n y o f t h em.
In p r a c t i c e, the d i s t a n ce l cannot a p p roach z e ro and t h e u s efulness o f t h e se measures d e pend on t h e c o r r esponding c o m p u t a t i o n a l a l g o r i t h m s. We w i l l f ocus o n t h e c o r relation d i m e n s i o n because it h a s t h e b e s t c o m p u t a t i o n a l p r o perties and h a s b e en applied e x t ensively i n t h e l a st decade. However, p a r t o f t h e d i s c ussion i s v a l i d f o r t h e o t h er measures as w e l l . 
The correlation dimension The c o m p u t a t i o n o f t h e c o r r elation d i m ension, o f ten r e f e rred t o a s t h e G r a s sberger-Procaccia GP m e t hod, s t a r t s b y e s t i m a t i n

is t ermed the correlation integral. T h e s c a l i n g o f C l w i t h d i s t a n ce l gives t h e e s t i m a t e o f t h e a t t r a ctor's d i m e n sion; C l l . W h en the e m bedding d i m e n s i o n i s u n k n o w n , C l i s c o m p u t e d f o r d i e rent v a l u es of m. I f t he system i s c h a o t i c , t h e s l o pe of l o g C l v e rsus l o g l c o n v e rges to over an a p propriate i n t erval as m increases. T h e r a t i o n a l e behind this a p p r o a c h f o l l o w s f r o m t h e d i scussion o f t he unfolding of t h e a ttractor. W h en the d i m e n sion o f t h e w o r k i n g s p a c e i s t oo low, t h e d a t a w i l l l l t h e e n tire accessible s t a t e s p a c e a n d t h e s l o pe of t h e g r a p h i s e q ual t o m . A s m a p proaches t h e l i m i t i n T a k en's t h e o r em, o n e e x pects t h e s l o pe to approach d and r e m a i n a t t hat v a l u e. Actually, t h e embedding d i m ension f o r w h i c h t h e s l o pe rst seems t o h a v e c o n v e rged
, c a n s e r v e a s a n e s t i m a t e f o r t h e e m bedding d i m ension n eeded to r e construct the s tate s p a c e.
Fig7 s h o w s t h i s s i t u a t i o n f o r t he Lorenz s y stem. N o t e t h e c o n v ergence of t h e l o g C l for i n creasing e m bedding d i m e n sions t o a l i n e o f c o n stant s l o pe of a p p r o x i m a t e l y 2 . 0 6 o v er a sizable i n t e rval o f l o g l . T h e c o m p u tational d e m a nds s c a l e a s O N 2 f o r s i m p l e v ersions o f t h e G P a l g o r i thm, a n d t here h a v e b e en many s u g g estions f o r i m p r o v i n g t h e c o m p u t a t i o n a l e c i e n cy. F o r i n stance, it is u n n essecary t o c o m p u t e i n t erpoint d i s t a n c es that a re larger t h a n t h e c u r r ent v a l ue of l. T o a c h i e v e t h i s , T h e i l er
Theiler, 1 9 8 7 a n d G r a ssberger G r a s sberger, 1 9 9 0 p ropose to organise t h e d a t a i n h y percubes, while B i n g h a m B i n g h a m a n d K o t , 1 9 8 9 s u g g ests u s i n g m u l tidimensional trees. Other a l g o r i t h m s a l l o w s i m u l t a n eous computation o f C l f o r a r a n g e o f e m bedding dimensions F r a n a szek, 1 9 8 9 .
W i t h s u c h t e c hniques one c a n a p p r o a c h c o m p u tational d emands proportional t o N l o g N d e pending o n t h e v a l u es of t h e p a r a m eters involved.
Practical considerations for dimension estimates
When working w i t h s i m ulated d a t a f rom k n o w n e q uations t a k en over an e x t e n d ed period a s i n F i g 7 , t h e s c a l i n g l a w i s o b served over a n a p p r eciable i n t e rval o f l o g l . B u t d eviations o c c ur in t h e u p per a n d l o w e r r a n g e s . I n t h e u p per r a n g e , a l l g raphs converge t o 0 a s l a p r o a c h e s t h e d i a m eter o f t h e a t tractor, w h i l e i n t h e l o w er range t he scaling l a w b reakes d o w n a s l a p p r o a c h e s t he minimum d i stance between points i n t h e e m bedding s p a ce. T h u s t h ree s e p a r a t e r e g i o n s c a n be identi ed in t h e d i a g r a m . 
W i t h r e a l o b s ervations, o ne hopes t o o b serve t h e s c a l i n g l a w f o r a n i n t ermediate l o g l i n t erval of r easonable l e n g t h . H o w e v e r, subject to t h e q uality a n d s i ze of t h e d a t a a s w ell a s t o t h e complexity o f t h e u n d erlying c h a o t i c s y s t em, t h e s caling r egion i s o f t en short a n d s o m etimes not
r i t h m s a r e r o b u st to l o w -a m p l i t ude n o i s e; in this c a s e t h e s c a l i n g b r a k e s d o w n a t d i s tances a r o u n d t h e n o i s e a m p l i t u de and a f o u rth r egion is o b served at l o w t o i n t e rmediate v a l u e s o f l o g l B randstater a n d S w i n n e y , 1 9 8 7 s ee Fig8. Certain m odi cations o f t h e G P a l g o rithm m a y e n h a n ce the performance in t h e c a s e o f h i g h er amplitude
n o i se Dvorak a n d K l a schka, 1 9 9 0 , S m i t h , 1 9 9 2 . L i near l o w -p a ss ltering i n t h i s connection is not recommended because it may increase the estimated dimension Badii a n d B r o g g i , 1 9 8 8 , M i t schke et a l . , 1 9 8 8 , b u t n o n -l i n ear l t ering h a s b e en successfully applied Kostelich a n d Y o r k e , 1 9 8 8 , K o s t elich a n d Y o rke, 1990 , Hammel, 1 9 9 0 , F a rmer and S i d o r o w i c h , 1 9 9 1 . C o n cerning n o i se, a n a t u ral q u e stion i s i f c o r relation d i m ension a l g o rithms m a y b e u s ed to separate b e t w e en predominantly c h a o tic s i g n a l s a n d s t ochastic o n es. W h e n t h e t i m e s e ries is white n o i s e, for i n stance, one e x pects t hat t h e e s t i m a t ed dimension a l w a y s c o i n cides with t h e embedding d i m e n sion because t h e r econstructed attractor w i l l a l w a y s l l t h e e m bedded space, no m a t
ter i t s d i m e n sion. T h i s i s a p o w erful t ool f o r d i stinguishing c h a o t i c t i m e s e r i e s f r o m w h i t e n o i se; h o w ever, i t i s m o r e c o m p l i cated t o s eparate c h a o s f r o m c o r r elated noise. O n e a pp roach i s t o c o m p a r e t h e o r i g i n a l t i m e s e ries with an a r t i c i a l s t ochastic s eries w i t h t h e s a m e power s pectrum, t y p i c a l l y b y t a k i n g a F o u r i e r t r a n s f o r m o f t h e o r i g i n a l t i m e s e ries, r a n d o m i z i n g t he phase, and t h en inverting b a c k t o t h e t i m e d o m a i n. If t h e c o r relation i n t egrals d erived from t h e t w o d a t a s ets s c a l e s i g n i c a n t l y d i erent, t h e o r i g i n a l t i m e s eries cannot b e s t ochastic
Grassberger, 1986 , T h eiler, 1 9 9 0 a .
T h e i m portance of t h i s t est i s r e i n f o r ced b y t h e s t r i k i n g results i n s everal p u b l i c a t i o n s o v er the l a s t f o u r y e a r s d e m o n strating t hat s o m e t y pes o f c o r r elated t i m e s e ries i.e. s t ochastic t i m e s eries with 1 =f power spectrum e x h i b i t l o w c o r relation
dimensions O s borne and P r o v enzale, 1 9 8 9 , T h e i l er, 1 9 9 1 , P r o v e n zale et a l . , 1 9 9 2 .
I n s o m e c a s es, t h e a t tractor m a y h a v e p roperties t h a t c o m p l i c a t e t h e c o m p u t a t i o n o f t h e c o rrelation d i m ension.
The s o -called lacunarity, r s t i n troduced by M a n d elbrot M a n d elbrot, 1 9 8 2 , i s s u c h a p r o perty a n d c a u ses o scillations i n t h e g r a p h o f l o g C l S m i t h e t a l . , 1 9 8 6 . S o m e a tt ractors a r e c h a racterized b y t h e e d g e e ect, i . e. the n eighbor p o i n t s o n t h e e d g e o f t h e a t t r a ctor follow a d i erent s caling t h a n t h e p o i n ts in t h e i n terior. A n a t t e m p t t o c i rcumvent t his e e ct is d i scussed i n C a w l ey and L i c h t , 1 9 8 6 . I n s o m e c a ses t w o d i erent s l o pes m a y b e o b served see f o r e x a m p l e a n a p p l i cation t o c l i m a t i c d a t a H e n se, 1 9 8 7 . T h i s p h enomenon i s c a l l e d a k nee and a t l east t w o e x p l a n a t i o n s h a v e b e en suggested; i t c a n r e s ult f rom t w o d i erent t y pes of m o t i o n E c k m a n n a n d R u e l l e, 1985 o r i t c a n b e d u e t o s t r o n g c o r r elations b e t w e en tempo-rally c l o s e p o i n t s w h i c h i n crease t h e n u m ber of n ear n e i g h bors at s m a l l s c a l e s a n d r esults i n a n o v e r estimate o f t h e s l o pe Holzfuss a n d M a y er- Kress, 1986 . Generally, t h e e rror i n d i m ension e stimates s cales a s O 1 = p N T h eiler, 1990b . H o w ever, the number of p o i n t s n e e d ed in a g i v en application h a s b e en a major t o p i c o f d e b a t e. Smith Smith, 1 9 8 8 i m posed a s t r i n g e n t c o n d i tion r equiring a s m a n y a s 4 2 m d a t a p o i n t s, but t h a t w a s l a t e r d i s c a r ded a s f a r t oo conservative T s o n i s, 1992 . O n t h e o t h e r h a n d , i t h a s b e en claimed that r e l i a b l e e stimates c a n b e o b t a i n e d e v en with limited d a t a s ets R a m s ey, 1 9 9 0 . A f o r m u l a h a s b e en suggested b y N e r enberg and E ssex, 1 9 9 0 t h a t g i v e s a m i n i m u m n u m ber o f r equired points; e . g . f o r d 4 a t l e a st 4000 p o i n t s a r e r e q u i r ed, w h i c h i s i n a ccordance with many published r e sults. The r e f e rences in t h e t a b l e a r e: 1: Casdagli, 1 9 9 2 , 2 : S a n o a n d S a w a d a , 1 9 8 5 , 3 : B r a n d s tater and S w i n n ey, 1 9 8 7 , 4 : H a r d i n g e t a l . , 1 9 9 0 , 5 : N i c o l i s a n d N i colis, 1 9 8 4 , 6 : G rassberger, 1 9 8 6 , 7 : Vautard a nd Ghil, 1 9 8 9 , 8 : D e s texhe et a l . , 1 9 8 8 , 9 : B a b l o y a n t z a n d D estexhe, 1 9 8 6 , 1 0 : F rank et a l . , 1 9 9 0 , 1 1 : S u g i h a r a a n d M a y , 1 9 9 0 .
Lyapunov e xponents If o n e w a n t s t o s t u d y m o r e t h o r o u g h l y t h e d y n a m i cs of a c h a o t i c s y s t em, t h e L y a p u n o v e x ponents
should b e e s t i m a t ed. T h e c o n c ept o f L y a punov e x ponents e x i s t ed long b e f o r e t h e e s t a b l i shment of c h a o s t h eory, a n d w a s d e v e l o ped t o c h a racterize the s t a b i l i t y o f l i n e a r a s w e l l a s n o n -l i n ear systems. Lyapunov e x ponents a r e d e ned a s t h e l o g a r i t h m s o f t h e a bsolute v a l u e o f t h e e i g e n v a lu es of t h e l i n earized d y n a m i c s a v e r a g e d o v er the a t t r a ctor. T h e d e nition c o v e r s b o t h d i s c rete and c o n t i n u o u s s y s t ems 5 Tsonis, 1992 . A n e g a t i v e e x ponent i n d i cates a l ocal a v e r a g e r a t e o f contraction w h i l e a p o s i t i v e v a l u e i n d i c a t es a local a v erage r a t e o f e x p a n sion. S i n ce the a dvent of c h a o s, the s et or s pectrum o f L y a p u n o v e x ponents h a s been c o n sidered a m easure o f t h e e e ct
o t i n c o n s i s t ent w i t h t h e i r t r a d i t i o n a l i n t e rpretation. T h e a dditional n o t i o n i s t h a t p o s i t i v e a n d n egative L y a p u n o v e x ponents can c oexist i n a d i s sipative s y s tem, w h i c h i s t h e n c h a o t i c.
Since the L y a p u n o v e x ponents a r e d e ned a s a s y m p t o t i c a v e rage r a t es, t h ey are i n d ependent of t h e i n i t i a l c o n d i t i o n s, and h ence t h e c h o i c e o f t r ajectory, a n d t h e refore t h ey do c o m p r i s e a n i n v a r i a n t m easure o f t h e a t t r a c t o r . I n f a c t, if o n e m a n a g es to d erive t h e w h o l e spectrum of L y a p u n o v e x ponents, o t h e r i n v a riants o f t h e s y s tem, i . e. the Kolmogorov e n tropy and the attractor's d i m ension c a n b e f o u n d . T h e K o l m o g o r o v e n t r o p y m easures the a v e rage r a te at which i n f o r m a t i o n a bout t h e s t a t e i s l o st with t i m e. An e s t i m a t e o f t h i s m e a s u r e i s t h e s um of the positive L y a p u nov e x ponents P e sin, 1 9 7 7 . T h e e s timate of t h e d i m ension o f t h e a t t r a ctor is p r o v i d ed by t h e K a p l a n a n d Y o rke c o n j e c ture F rederickson et al., 1 9 8 3 :
where j is s u c h t h a t P j = 1 0 a n d P j +1 =1 0, a n d t h e L y a p u n o v e x ponents a r e t a k en in d e s cending o r der. D L gives v a l u e s c l o se to t h e d i m e n sion e s timates d i s c ussed earlier a n d i s p referable w h en estimating h i g h d i m e n sions.
To o u r k n o w l edge t h ere a r e t w o m a i n a pproaches t o c o m p u ting t h e L y a p u n o v e x ponents. O n e a p p r o a c h c o m p u t es the w h o l e s pectrum a n d i s b a s e d o n t h e J a cobi m a trix Df of t h e s y stem function f. T h e o t h er method computes t he largest one o r t w o e x ponents b a s ed on t h e p r i n cipal axes o f e x p a n sion o f t h e s y s t em dynamics. t his m a t r i x d i v i d ed by L are r s t e stimates o f t h e L y a p u n o v e x ponents, i . e. they are t h e l ocal Lyapunov exponents Eckmann et a l . , 1 9 8 6 , Abarbanel et a l . , 1 9 9 1 . T h ey depend o n t h e t rajectory s k and s h o w t h e a v erage d i v ergence from i t a f t e r L i t erations.
Method based on the Jacobi matrix Suppose that t h e d y n a m i c s a r e d escribed by t h e d i s crete s y s t em s
The g e n eralisation t o t h e i n v a r i a n t global Lyapunov exponents is c a r ried out u s i n g t he Multiplicative E r g odic T h eorem o f O seledec Oseledec, 1 9 6 8 .T h e l i m i t o f t h e m a t r i x OSLL;s = Df L sn Df L sn T 1 =2L for L! 1 exists for a c h a o t i c s y s tem a n d t h e eigenvalues are independent of the trajectory s, when s is on the attractor Benettin a n d G a l g a n i , 1 9 8 0 . T h e l o g a rithms o f t he absolute v a l u e s o f t h e s e e i g e n v a l u es are then t h e g l o b a l L y a p u n o v e x ponents.
In p r a c tice, f o r a g i v en system f u n c tion t h e O seledec matrix h a s t o b e c o m p u t ed for s uciently l a r g e v a l u e s o f L t o a s sure c o n v e r g ence. Then it becomes ill-conditioned because e a c h eigenvalue i s m u l t i p l i ed by L and i n a c h a o t i c s y stem t h e d i e rence between eigenvalues w i t h positive a n d n egative e x ponents i n creases e x ponentially w i t h t i m e. The standard Q R -a l g o r i t h m d oes not w o rk and a r e cursive v e rsion h a s b e e n s u g g ested that d oes n o t f a ctorize t he compound matrix b u t f a c t o r i z es the J a c o b i a n m a trix s tep b y s t e p E c k m a n n e t a l . , 1 9 8 6 .
I n t h e c a s e w h ere o n l y o b s e rvations are given a n d t h e s y s t em function i s u n k n o w n, the matrix Df has t o b e e s t i m a t ed from t h e d a t a . I n t h i s c a s e, all t h e s u g g e s ted m e t h ods a p p roximate Df by tting a l ocal m a p t o a s u cient n u m ber of n earby p o i n t s . T h e t ted m a p i s t y p i cally l i near S a n o a n d S a w a d a , 1 9 8 5 , b u t m a p s w i th higher order polynomials s e e m t o o er advantages Bryant et a l . , 1 9 9 0 , Briggs, 1 9 9 0 6 . R e c ently, m o r e s o p h i sticated m e t h ods b a sed o n r a d i a l b asis f u n c t i o n s a n d n e u r a l n e t w o r k s h a v e been a p p l i e d E l l n er et a l . , 1 9 9 1 , M cCa rey et a l . , 1 9 9 2 . W h en computing L y a p u n o v e x ponents f r o m d a t a , a n e m bedding d i m ension m must b e e s t im a t e d , t y p i c a l l y u s i n g o n e o f t h e m ethods d escribed a bove. I f m d +1 , s o m e s p urious e x ponents w i l l b e c o m p u t ed which w i l l t end t o b e i n u e n ced b y n o i s e . T o i d e n tify t h ese e x ponents, it has b e en suggested t o r e peatedly c o r rupt t h e d a t a w i t h a rti cial n o i s e a n d r erun t he computations. T h e m o s t s e n s i t i v e e x ponents a re likely t o b e t h e s p u r i o u s o n es Abarbanel et a l . , 1 9 9 1 .
Method based on principal axes of expansion
As s h o w n i n F i g 5 , a s m a l l i n i t i a l s p h e re in t h e m -d i m ensional s tate s p a c e w i l l t u r n i n t o a n e ll i p soid d u e t o c o n t r a ction a n d e x p a n sion. O n e m a y e stimate t h e l a rgest L y a p u n o v e x ponents b y m o n i t o r i n g t h e g r o w t h o f t h e l a rgest p r i n c i p a l a x es. I n p r a c t i c e, instead o f m o n i toring t he evolution of a sphere one follows the evolution of two very close trajectories Benettin a n d G a l g a n i , 1 9 8 0 . S i n ce the d i v ergence of t h e t r ajectories i s m o n i t o r ed over s h o rt time s t e p s o n e c a n u s e t h e l i n e a r i s ed system i n stead. I f t h e d y n a m i c s a r e u n k n o w n , t he linear approximation h a s t o b e c o m p u t ed from t h e d a t a a s i n t h e r s t m e thod.
There i s a n o b v i o u s p roblem i n a p p l y i n g t h i s a l g o r i thm t o c h a o t i c s y stems b e cause t h e p rincipal a x e s q u i c k l y b e come v e ry large a n d t h e r e a l d i v e r g ence o f n e a r b y t r ajectories is h a r d t o f o l l o w . T o l i m i t t he magnitude o f d i v e rgence, the p rincipal a x es must b e r e n o r m a l i z ed according to t h e G r a m -S c h m i d t r e n o r m a l i z a t i o n s c h eme. This i s p roblematic i f t h e a t t ractor i s n o t c o v e r ed densely e n o u g h w i t h p o i n t s , b u t a n e cient a l g o r i t h m e x i sts t h a t m a y h e l p t o o v e r come t h i s d rawback W o l f e t a l . , 1 9 8 5 . O n e o f t h e t r ajectories is a l w a y s r e t a i n e d f o r r eference. When the vector s e p a r a t i n g t h e t w o t r ajectories b e comes s u c i e n t l y l a r g e, another d a t a p o i n t c l o s er to the reference trajectory i s c h o sen. I n t h i s w a y a f e w o f t h e l a r g e st Lyapunov e x ponents m a y b e estimated.
Both m e t h ods f o r c o m p u ting L y a p unov e x ponents d e pend c ritically o n t h e n u m ber of d a t a . I t h a s been c l a i m ed that t h e n u m ber o f p o i n t s n e eded f o r e i t h e r o f t h e t w o t echniques i s a bout the square o f t h a t r equired to estimate t h e d i m ension E c k m a n n a n d R u e l l e, 1992 . On t h e o t h er hand, p u b l i s h ed results from s i m u l a t e d d a t a h a v e s hown r eliable e stimates w i t h m oderate amounts of d a t a i n t he order of 1 0 0 0 . T h e t h ree e stimates o f L y a punov e x ponents g i v en in Table 1 s h o u l d b e c o n s i d e r ed with c a u t i o n a l t h o u g h t h e y a re derived from c o m p a r a t i v ely l a rge data s ets. I n a n y c a s e, more d a t a a r e n e e d ed to e stimate L y a p u n o v e x ponents t h a n d i m e n sions. Thus i t m a y n o t b e s u rprising t h a t L y a p u n o v e x ponents h a v e o n l y been e stimated f r o m r e a l d a t a i n a l i m i t e d n umber of c a ses. T h i s i s i n c o n trast t o t h e n u m erous p a pers o n d i m ensions from r e a l d a t a . H o w e v e r , a b i a sed e stimate o f t h e l a rgest L y a punov e x ponent g i v es stronger evidence f o r c h a o s u n l ess i t i s c l o s e t o z ero, w h e r eas a b i a sed d i m ension e s timate does n o t g u a r a n t e e a n o n i n t eger dimension, e s pecially w h e n t h e r eal c h a o t i c d i m ension i s c l o s e t o a n i n t e g er Wolf a n d T . , 1 9 9 1 .
Conclusion
The i nitial s timulus t o t h e w o r k r e v i ewed h ere w a s t o i d entify d e terministic c h a o s i n t i m e s e r i e s t hat a t r s t s eemed s tochastic. T h e e stimation o f a n a t t r a ctor's d i m e n s i o n a n d L y a p u n o v e x ponents n o t o nly p r o v i d e a n i n d i c a t i o n o f c h a o s, but a l s o g i v e u s eful i n f o r m a t i o n o n t h e p roperties of t h e u n d e r l y i n g s y stem, s u c h a s t h e d egrees of f r eedom a nd level of c o m p l exity. H o w e v e r, the reliability o f t h i s i n f o r m a t i o n i s s ensitive t o t h e q u a l i t y a n d q u a n t i t y o f t h e d a ta. T h e n e ed for long t i m e s e ries c a n h a rdly b e o v erstated, p a rticularly i f t h e L y a p u n o v e x ponents a r e d esired. I n elds l i k e c l i m a t o l o g y , e p i d e m i o l o g y a n d e c o n o m y w h e r e a n n u a l d a t a a re explored, b e t t er methods r e l y i ng on l e ss data a r e g enerally n eeded before t h e p resence of c h a o s c a n b e e stablished with a n y c e r tainty.
Over t he last decade, much e o r t h a s b e en devoted t o e s t i m a t e d i m e n sions o f s t r a n g e a t t ractors. This i s i n c o n t r a s t t o t h e w o r k o n L y a p u n o v e x ponents w h e r e m u c h l ess w o rk has b e en expended. G i v e n t h e l a r g e a m o unt o f d a t a n eeded to c o m p u t e t h e L y a p u n o v e x ponents, this is n o t s u r p r i s i n g . T h e a u t h o r s w o uld a l s o l i k e t o t h a n k T o m K a v l i a n d E i rik W e y e r , b o th at S I N T E F -S I , f o r v a l u a b l e d i scussions a n d c a r e f u l r e a d i n g o f t h e m a n u s cript. 
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